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Abstract

A hybrid Finite Element Method (FEM)/Method of Moments (MoM) technique in

conjunction with the Asymptotic Waveform Evaluation (AWE) technique is applied to obtain

radar cross section (RCS) of a cavity-backed aperture in an infinite ground plane over a

frequency range. The hybrid FEM/MoM technique when applied to the cavity-backed aperture

results in an integro-differential equation with electric field as the unknown variable, the electric

field obtained from the solution of the integro-differential equation is expanded in Taylor series.

The coefficients of the Taylor series are obtained using the frequency derivatives of the integro-

differential equation formed by the hybrid FEM/MoM technique. The series is then matched via

the Pade approximation to a rational polynomial, which can be used to extrapolate the electric

field over a frequency range. The RCS of the cavity-backed aperture is calculated using the

electric field at different frequencies. Numerical results for a rectangular cavity, a circular

cavity, and a material filled cavity are presented over a frequency range. Good agreement

between AWE and the exact solution over the frequency range is obtained.
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Del operator

Del operator over the source coordinates

Dielectric permittivity of the medium in the cavity

Kronecker delta defined in equation (23)

Magnetic permeability of free space

Dielectric permeability of the medium in the cavity

Intrinsic impedance of free space

Incident angle in 0 direction

Incident angle in d_ direction

Unit normal along 0 direction

Unit normal along (_ direction

Angular frequency

Asymptotic Waveform Evaluation

qth derivative of A (k)

Excitation vector

qth derivative of b (k)

with respect to k ; dqA (k), evaluated at k o
dk q

,4q
with respect to k; _--_--b (k) , evaluated at k o

dk q

Surface integration with respect to observation coordinates

Surface integration with respect to source coordinates

Electric field

Incident electric field

Electric field coefficient vector

Incident magnetic field at the surface Sin c
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FDTD
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PEC
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Scattered magnetic field

x-component of the incident magnetic field

y-component of the incident magnetic field

z-component of the incident magnetic field

0 -component of the incident magnetic field

0 -component of the incident magnetic field

Scattered magnetic field in 0 direction

Scattered magnetic field in _ direction

Finite Difference Time Domain

Finite Element Method

Frequency

As defined in equation (11)

Wavenumber at any frequency f

Wavenumber at frequency fo

Method of Moments

Magnetic current at the surface Sap

n th moment of AWE (n=0,1,2,3,4 ....... )

Normal unit vector

Perfect Electric Conductor

Polynomial of order L

Polynomial of order M

Factorial of number q
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RCS

R

T

T
s

VLSI

Z

Radar Cross Section

Distance between the source point and the observation point

Vector testing function

Vector testing function at the surface Sap

Very Large Scale Integrated (circuits)

Unit normal along Z-axis



1. Introduction

The electromagnetic characterization of cavity backed apertures is of importance in

understanding the scattering properties and in electromagnetic penetration/coupling studies.

Recently, there has been a considerable interest in analyzing cavity backed apertures in an

infinite ground plane. Various analytical and numerical techniques have been applied for two

dimensional cavity backed apertures [1-6]. For three dimensional problems, mode matching has

been used for rectangular [7] and spherical [8] cavity backed apertures. A Method of Moments

(MoM)/modal [9] approach is used recently to analyze apertures formed by a rectangular cavity

recessed in a ground plane. These methods are restricted to cavities with regular shapes, where

fields can be written in modal form. In [10], a boundary integral method is used to analyze the

scattering from three dimensional cavities via a connection scheme. Though useful for savings

in computer memory, this method leads to dense matrices. Also, the accumulation errors due to

the connection algorithm are not negligible as the number of subsections increase. In the case of

deep cavities, high frequency techniques such as those proposed in [11] and [12] could be

effectively implemented. Unfortunately, these techniques are not suitable when the cavity is

filled with inhomogeneous materials. In [13], a Finite Difference Time Domain (FDTD) method

is applied for large structures. However, the method of FDTD sometimes results in inaccurate

results due to differencing, staircasing and dispersion. Jin and Volakis [14] used a finite element-

boundary integral formulation which employs the boundary integral equation (or Method of

Moments-MoM) to formulate the fields external to the cavity accurately.

In the combined FEM/MoM technique, FEM is used in the cavity volume to compute the

electric field, whereas MoM is used to compute the magnetic current at the aperture. For the

combined FEM/MoM technique, the cavity is divided into tetrahedral elements and the aperture
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is discretizedby triangles.Usingthe Galerkin'stechnique,simultaneousequationsaregenerated

over the subdomainsand areaddedto form a global matrix equation.This resultsin a partly

sparseand partly dense,symmetriccomplex matrix, which can be solvedeither by a direct

solveror by aniterativesolver.The electricfield henceobtainedis usedto computetheRCSof

thecavity-backedaperture.

To obtainRCSoverarangeof frequenciesusingthecombinedFEM/MoM technique,one

hasto repeatthecalculationsover thefrequencyrangeof interest.If theRCSis highly frequency

dependent,one needsto do the calculationsat the finer incrementsof frequencyto get the

accuraterepresentationof thefrequencyresponse.This canbecomputationallyintensiveandfor

anelectricallylargecavity with electrically largeaperture,it canbecomputationallyprohibitive

despitethe increasedpower of the presentgenerationof computers.To alleviatethe above

problems,theapplicationof AsymptoticWaveformEvaluation(AWE) hasbeenproposedfor the

timing analysisof VLSI circuits [15]. The AWE techniqueis finding increasinginterest in

electromagneticanalysisof microwavecircuits [16-18].Recentlya detaileddescriptionof AWE

appliedto frequencydomainelectromagneticanalysisispresentedin [19].AWEhasbeenusedto

predict RCS of PEC bodies over a frequency range [20] and input characteristicsof a

cavity-backedapertureantennaoverafrequencyrange[21].

In thisreport,theapplicationof AWE for predictingtheRCSoverarangeof frequencies

for a cavity-backedapertureusing a combinedFEM/MoM techniqueis described.In the AWE

technique,theelectricfield is expandedin aTaylor seriesarounda frequency.Thecoefficientsof

the Taylor series (called 'moments') are evaluatedusing the frequencyderivativesof the

combinedFEM/MoM equation.Thesemomentsarethenmatchedvia thePad_approximationto

arationalpolynomial.Usingthe rationalpolynomial, theelectricfield distributionin thecavity



can be obtained over a frequency range. Using this field distribution, the RCS of the

cavity-backedaperturein an infinte groundplane is calculatedat any frequencywithin the

frequencyrange.

The rest of the report is organizedas describedbelow. A brief descriptionof hybrid

FEM/MoM techniqueto calculateRCSfrom a cavity-backedapertureis given in section2. In

section3, AWE implementationfor thecombinedFEM/MoM techniqueis described.Numerical

results for a rectangularcavity, a circular cavity, and a material filled cavity arepresentedin

section4. Thenumericaldataarecomparedwith theexactsolution(calculatedat eachfrequency

using the hybrid FEM/MoM technique) over the frequencyrange. CPU time and storage

requirementsfor AWE formulation aregiven for each exampleand arecomparedwith those

requiredfor exact solutionat eachfrequency.Concludingremarkson the AWE techniqueare

presentedin section5.
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2. Hybrid FEM/MoM Technique

The geometry of the problem to be analyzed is shown in figure 1. For linear, isotropic, and

source free region, the electric field satisfies the vector wave equation:

Vx V><E -k I_r -- 0 (1)

where l.tr , E r are the relative permeability and relative permittivity of the medium in the cavity

and k is the free space wavenumber. The time variation exp (./'cot) is assumed and suppressed

throughout this paper. The electric field E is solved via hybrid FEM/MoM technique assuming

that cavity-backed aperture is illuminated by a harmonic plane wave, Hin c . Following the proce-

dure described in [14], equation (1) can be written as

#_ (V×T)•(1V><E_dv-kZE fffToEdv-jtOtXo_ _ (T
_r J o rjjj

V , V Sot ,

where T is the vector testing function. Sal ,

scattered magnetic field and fi = 9. at Sap.

× fi) • HscatdS

: 2j0, o f <2)
Sap

is the aperture surface (see figure 1). Hscat is the

The volume of the cavity is subdivided into small volume tetrahedral elements. The

electric field is expressed in terms of the edge vector basis functions [22], which enforce the

divergenceless condition of the electric field explicitly. The vector testing function is also

expressed in terms of the edge vector basis functions following the Galerkin's method. The

discretization of the cavity volume into tetrahedral elements automatically results in discretization

of the surface Sap into triangular elements. The volume and surface integrals in equation (2) are

carried out over each element to form element matrices, which are assembled to form global

matrices. Equation (2) can be written in matrix form as



A(k) e(k) = b(k) (3)

A (k) is a partly sparse, partly dense complex symmetric matrix, b(k) is the excitation vector, and

e(k) is the unknown electric field coefficient vector. A(k) is evaluated as a sum of three matrices.

A (k) = A l (k) + A2 (k ) +A3(k ) (4)

where

Al(k) = _S (VxT).(1VxE]dv-k2E fffT-Eav
\ IXr ) raaa

V V

(5)

A 2 (k) = -_-_ _ Ts" R ds (6)

Sap \ Sop

A3(k) = l_s. _ (ViTs){_i(V'iM)exp(-jkR)ds'}dSR
(7)

b(k) = 2j O.oJ"f (T×a)..,,,/s (8)
Sap

Equations (6) and (7) are obtained by making use of the equivalence principle and image theory

[23] and follow the procedure given in [24]. T = T × fi and R is the distance between source

point and the observation point. M is the equivalent magnetic current over the aperture Sap. V'

indicates del operation over the source coordinates and ds" indicates the surface integration over

the source region. Equation (8) is calculated assuming a harmonic plane wave

Hinc = (J_Hxi+_Hyi+_Hzi)e -jki*r = (^HO Oi + _ncpiJe "̂_ -jki*r

Ein c = YloHin c × k i

(9)

(10)

where
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k i = -k ° [_sin0icos0i + _sin0isint_i + 9.cos0i]

Hxi = (sint_cos0icosOi + cos0_sindPi)/1"10

Hy i = (sinctcos0isinq_i- cos a cos Oi) /110

nzi -" (-sintxsin0i)/11o

noi = IHi,,¢lsina

n#p i -" HinclCOSO_

(11)

(12)

(13)

(14)

(15)

(16)

in which 11o is the free space intrinsic impedance and ct represents the polarization angle of the

incident field. When 0_ = 0, then H i = 0 which corresponds to H-polarization and when

o_ = n/2, then Gi = 0 which corresponds to E-polarization.

The matrix equation (3) is solved at any specific frequency, fo (with wavenumber k o)

either by a direct method or by an iterative method. The solution of the equation (3) gives the

unknown electric field coefficients which are used to obtain the electric field distribution. Once

the electric field E is found and hence the magnetic current M on the aperture, the far zone

scattered field can be computed.

-j kor
Jko e jkosinO (xcos# + ysin_)

Hscat (r)]r _.o - 1"1o 2rcr _ (§_ + _) " M (x, y)e dxdy (17)
Sa

where (r, 0, qb) are the usual spherical coordinates of the observation point. The scattering cross

section is then given by

o lim 4nr 2lHscat(r)]2= (18)

r --4 00 IH,nc(r)l2
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where

[Hsca, (r)12 : [Hosl 2 + [H,s 2 (19)

IHinc (r)[2 = [Hoi2 + [H#i 2 (20)

3. AWE Implementation

The RCS given in equation (18) is calculated at one frequency. If one needs RCS over a

frequency range, this calculation is to be repeated at different frequency values. Instead, AWE can

be applied to obtain the frequency response over a frequency range. The general implementation

of AWE for any frequency domain technique used for electromagnetic analysis is given in detail

in [19]. The solution of equation (3) gives the unknown electric field coefficient vector e (ko) at a

particular frequencY fo" Instead e (k) can be expanded in Taylor series as

oo

e(k) = _._mn(k-ko )n (21)

n=O

with the moments m n given by [19]

A- 1 [b (n) (ko) n (1 - _qo ) A (q) (ko) m n- q]mn = (k°) n_ _-" q!
q=0

(22)

A (q) (ko) is the qth derivative with respect to k of A(k) given in equation (4) and evaluated at k o .

Similarly, b (q) (ko) is the qth derivative with respect to k of b(k) given in equation (9) and

evaluated at k o . The Kronecker delta _)qo is defined as

1 q = 0 (23)
_qo = {0 q /: 0

The qth derivatives of A(k) and b(k) are evaluated and are given in detail in the Appendix.
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In many cases, the Taylor series expansion gives fairly good results. However, the

accuracy of the Taylor series is limited by the radius of convergence. It will not converge to the

fight answer beyond the radius of convergence, and it sometimes requires a large number of terms

to converge over a frequency range. In such cases, one may want to replace Taylor series

expansion with a rational function called Pad_ approximation [15] to improve the accuracy of

the numerical solution.

To obtain Padd approximation, the Taylor series expansion in equation (21) is matched

with a rational polynomial [15]

"0 PL (k - ko)

Z mn (k- ko) n = aM (k - ko)
n=0

(24)

where

2 L

PL (k - ko) = a o + a I (k - ko) + a 2 (k - ko) + ...... + a L (k - ko)

and

2 M

QM(k-ko) = b o+b l(k-ko) +b 2(k-ko) + ...... +b M(k-ko)

b o is set to 1 as the rational function can be divided by an arbitrary constant. Since there are

(L+M+I) unknowns, (L+M) moments of the Taylor series should be matched. Equating the

coefficients for powers ( k - ko) L ÷ 1 ......... (k - ko) L + M, the coefficients of QM (k - k o) can be

obtained solving the matrix equation

1
mL_M+I mL-M+2 ... m L - bM

mL_M+2 mL-M+3 ... mL+ 1 bM_l

.,, ,°* °°, .,, °°*

mL mL+ I "'" mL+M- bl

mL+l

= _ mL+2

mL+M

(25)
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Thenumerator coefficients can be found by equating the powers (k - ko) 0 ......... (k - ko)

a o = m o

a 1 = m I + blm o

a 2 = m 2+blm l+b2m o

L

min (L, M)

aL -- mL + Z bimL- i

i=1

Once the coefficients of the rational polynomial are obtained, equation (21) can be

rewritten as

a o + a 1 (k - ko) + a 2 (k - ko) 2 + ...... + a L (k - ko)
e (k) = 2 (26)

l +b l(k-ko) +be(k-ko) + ...... +bM(k-ko )M

For a given amount of computational effort, one can easily construct a rational

approximation which has smaller error than a polynomial approximation. Also for a fixed value of

L+M, the error is smallest when L=M or L=M+I[17]. Using equation (26), the electric field

coefficients at frequencies around the expansion frequency are obtained. The electric field hence

obtained is used to compute the scattered magnetic field given in equation (17) and finally the

backscattering cross section using equation (18).

4. Numerical Results

To validate the analysis presented in the previous sections, a few examples are considered.

RCS calculations over a frequency range are done for a rectangular cavity, a circular cavity, and a

cavity filled with lossy material. The numerical data obtained using AWE are compared with the

results calculated at each frequency using the computer code CBS3DS [25], which implements

the combined FEM/MoM technique [14]. We will refer to the latter method as "exact solution."
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From section 3, it can be observed that the inverse of matrix A (ko) is found once and is used

repeatedly to find AWE moments. Due to the hybrid FEM/MoM technique, matrix A (ko) is

partly sparse and partly dense. The Complex Vector Sparse Solver (CVSS) [26] is used to LU

factor the matrix A (ko) once and the moments are obtained by backsolving equation (21) with

multiple righthand sides. All the computations reported below are done on a SGI-lndigo2 (with

150MHz, IP22 processor) computer.

(a) Square Cavity: A square cavity in an infinite ground plane is considered (fig. 2 with

a=lcm, b=lcm, and c=2cm). Backscattering calculations are done with an incident angle

0 = 0 ° and _ = 0 ° . The discretization of the square cavity resulted in 3590 total unknowns,

and the order of the dense matrix due to MoM is 133. Figure 3a shows the radar cross section

over the frequency range 15GHz to 25GHz, calculated using Taylor series for a H-polarized

incident wave. The Taylor series moments are calculated at 20GHz. Figure 3b shows the radar

cross section over the frequency range 15GHz to 25GHz calculated using Pade approximation.

It can be seen from Figure 2b that Taylor series gave good results over the frequency range

18GHz to 22GHz. Beyond this frequency range, there is no improvement in accuracy, even by

adding more terms to the Taylor series. However, figure 3b indicates that Pade approximation

gave good results over the frequency range 15GHz to 25GHz with L=5 and M=5, and well

behaved convergence is observed with increase in the orders of numerator and denominator of

Pade approximation. The timings for the calculations performed using CBS3DS and Pade

approximations are given in Table 1. Note that the timings for Taylor series expansion and Pade

approximation are the same except for the cost of calculating Padd coefficients from the Taylor

15



series coefficients. It is observed that the cost of generating moments and the Pade coefficients

is very minute compared to the cost of matrix generation and solution.

(b) Circular Cavity: A circular cavity (radius=O.305cm and height=O.3cm) in an infinite ground

plane is considered (fig. 4a). The discretization of the circular cavity resulted in 1327 total

unknowns, and the order of the dense matrix due to MoM is 132. Backscattering from this

cavity is calculated over the frequency range 10GHz to 50GHz with the incident angle 0 = 0 °

and _ = 0 ° and plotted in Figure 4b. The Taylor series moments are calculated at 30GHz.

Taylor series expansion is calculated with five moments and the Pade approximation is

calculated with L=3 and M=2. It can be seen that Pad_ approximation could give accurate

results throughout the frequency range, whereas Taylor series gave accurate results only within

the frequency range 21GHz to 39GHz. The timings for calculation of backscattering cross

section using "exact method" and the Pade approximation are given in Table 1.

(c) Rectangular cavity with lossy material: A rectangualr cavity is considered as another

example (fig. 2 with a=lcm, b=O.25cm, and c=0.25cm). The cavity is filled with lossy material

with dielectric constants e r = 2.2-jl.5 and _tr = 1.8-j0.1. The cavity is discretized using

tetrahedral elements resulting in 3218 unknowns. The order of the dense matrix due to MoM is

275. The backscatter cross section is calculated over the frequency range 10GHz to 50GHz with

the incident angle 0 = 0 ° and t_ = 0 ° and plotted in Figure 5a. The incident wave is assumed

to be H-polarized. Taylor series expansion is calculated with five moments at 30GHz and

accordingly the Pade approximation is calculated with L=3 and M=2. It can be seen that Pade

approximation gave accurate results throughout the frequency range, whereas Taylor series gave

accurate results only within the frequency range 22GHz and 38GHz. The backscattering cross

16



section calculations are also carried out for an E-polarized incident wave with incident angle

0 = 0 ° and _ = 0 ° and plotted in Figure 5b. Pad_ approximation is calculated with L=5 and

M=4. Taylor series approximation is calculated with nine moments at 30GHz. It can be seen

even for this case that Padd approximation gave accurate results throughout the frequency range

10GHz to 50GHz, whereas Taylor series is accurate only within the frequency range 20GHz to

38GHz. The timings for calculation of backscattering cross section using "exact method" and

the Pad_ approximation are given in Table 1. The discretization for the "exact" calculations

using CBS3DS at frequency points beyond 40GHz resulted in 5848 unknowns and order of the

dense matrix due to MoM is 421. It can be noted that both Taylor series and Pad_

approximation are evaluated at 30GHz and hence the dicretization that is used at 30GHz is

accurate enough to calculate the hybrid FEM-MoM matrix and the derivative matrices. The

results obtained using Padd approximation show a good agreement with the "exact" calculations

with denser gridding even beyond 40GHz.

Comment on Storage: In all the above examples, when solving a matrix equation, one needs to

store the matrix A (ko) for exact solution at each frequency. For n th order AWE, one needs to

store n number of matrices (A (q) (ko) , q=1,2,3 .... n), along with the matrix A (ko). For

electrically large problems, this could impose a burden on computer resources. This problem can

be overcome by storing the derivative matrices, A _q) (ko) out-of-core, as the derivative matrices

are required only for matrix-vector multiplication.
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Table 1: Comparisonof CPUtimings for the numerical examplespresentedin Sections 4a,b
and c

Problem

(a) Rectangular

cavity

(a=lcm, b=O.5cm,

c=0.5cm )

(b) Circular cavity

( radius=O.305cm,

height=O.3cm)

(c) Material filled

rectangular

Cavity

(a = lcm, b=O.25cm,

c=0.25cm)

Method

I

CBS3DS

(13 freq. points)

Pad_(L=5,

M=5)

(100 freq. points)

CBS3DS

(41 freq. points)

Pade(L=3,M=2)

(400 freq. points)

CBS3DS

(41 freq. points)

Padd(L=3,M=2)

(400 freq. points)

(n-Pol)

Pade (L= 5,M=4)

(400 freq. points)

(E-Pol)

Matrix Fill

(secs)

2081.7

354.7

6342.7

323.7

19526.9

(10GHz-40GHz)
+

14880.0

O1GHz-50GHz)

1330.1

1429.21

LU Factor

(secs)

312.0

25.0

270.60

6.64

1110.73

(10GHz-40GHz)

+

1413.5

(41GHz-50GHz)

34.67

34.67

Total

Time

(secs)

2393.7

379.7

6613.3

330.34

37021.13

1364.77

1463.88
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5. Concluding Remarks

The AWE technique is applied to the hybrid FEM/MoM technique to calculate the radar

cross section of a cavity-backed aperture over a frequency range. Examples of a rectangular

cavity, a circular cavity, and a material filled cavity are considered to validate the analysis. Both

Taylor series approximation and Pade approximation are calculated for all the examples. It can

be noted that for the same computational effort, the Pade approximation proved to be superior

in terms of wider bandwidth. Timing comparisons are done for calculating radar cross section

over a frequency range using AWE and using 'exact' calculation at each frequency point. AWE

is found to be superior in terms of the CPU time. It may be noted that although calculations are

done in frequency increments of 0.1GHz for eamples presented in this paper, frequency

response at even finer increments can also be calculated at a very nominal cost. This is

particularly important when there are sharp nulls present in the frequency response.
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Appendix

Derivatives of A(k) and b(k) w.r.t, k

The frequency derivatives of A(k) and b(k) are evaluated and are given below. From

equation (4):

A (q) (k) =
a (q)

dqA (k) _ A (q) (k) +A_ q) (k) +A_ q) (k) +"4 (k) q:0,I,2,3,. .......

dk q

(A.1)

From equation (5)

Al(0) (k) "- III Vrl (V)(T) O (_TxE) dv_k2ErIIIT.Edl)v

V

(1) _2kErIllAl (k) = T • Edv
V

(A.2)

(A.3)

(2) _2Erll IAt (k) = T " Edv
V

(A.4)

A (q) (k) = 0 q23
(a.5)

From equation (6)

A_ I) (k)

: (A_ O) (k) = II
Sap Sat,

Sap

k 2 exp (-jkR) )ds+ (-jR)] ds'
(-jR) )

(A.6)

(A.7)

• q! .

A_q) (k) = IS!p TseI I I\s.pM(_gg)I_ ('-JR) q-3 + 2qk(-JR)q-2+k2(-JR)q-lle'xp(-jkR)ds"/dsfor q>l (A.8)

2O



From equation (7)

A(O) (k)3

A (q) <k)= ff
so_

From equation (8)

S_p Sop R

,v.,,,ss <""
Sap

b_°_(k) = 2s_>UoSf(_×_,)"II,ncds
Sa t,

Noting from equation (9) that

where

and

exp (-#R) ds'} ds

Hinc = Hidk(xt +Yl +zl)

n_ = :it/x, + :9_; + inz,

X 1 -" xsinOicosOi

Yl = ysinOisint_i

Z 1 = ZCOSOi

(A.9)

(A.IO)

(A.11)

(A.12)

Equation (A.11) can be rewritten as

i,(°_(k_: 2jknoff
Sap

(T x fi) • Hi ejk(x' +Yi +Zl)ds (A.13)
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For q _ 0

b (q) (k)
_ dqb (k)

dk q
-- 2q(j) ql]of f (Txfi) • ni(xl +Yl +Zl ) (q-l)eJk(x_+Y'+Z')

Sat,

ds

+ 2kl]o(.j) q+l_f (Txfi) .ni(x ' +y, +Zl)qj k(x'+y'+zO

Sap

ds (A.14)
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Figure 1 Geometry of a cavity-backed arbitrarily shaped aperture in an infinite ground plane.
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Figure 3a Frequency response calculation for the rectangular cavity shown in figure 2 (a=lcm,

b= l cm, c=2cm, Er= l.O, gr= l.O) using Taylor series approximation.
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